
'- , ',' /f i, 2.5 
NASA TECHNICAL NOTE @ASA TN 0 -1999 

c3 
OI 
OI 

MAGNETIC FIELD O F A  
I 

( FINITE HELICAL SOLENO" 

by A.  R.  Sass andJames C. Stoll 
Lewis Research Ceizter . 

C l e  se la 1.2 d, 0 hio 

_- ----- _- L. - _- 

- -_ 

N A T I O N A L  A E R O N A U T I C S  A N D  SPACE A D M I N I S T R A T I O N  W A S H I N G T O N ,  0. C. OCTOBER 1963 



TECHNICAL NOTE D-1993 

MAGNETIC FIELD OF A FINITE HELICAL SOLENOID 

By A. R. Sass and James C. Stoll 

Lewis  Research Center 
Cleveland, Ohio 

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 



MAGNETIC FIELD OF A FINITE HaICAL SOIENOID 

By A. R, Sass and James C, S t o l l  

SUMMARY 2 2 6 0  f 

A superposition pr inc ip le  w a s  u t i l i z e d  t o  ca lcu la te  t h e  magnetic f i e l d  dis-  
t r i bu t ion  of a solenoid of f i n i t e  length with i n f i n i t e l y  t h i n  w a l l s  wound with a 
f i n i t e  h e l i c a l  angle. 
t i ons  due t o  t h e  azimuthal and a x i a l  components of t h e  current density, 
ne t i c  f i e l d s  a r e  expressed i n  terms of tabulated solut ions of complete e l l i p t i c  
in tegra ls ,  and they are presented i n  graphical form f o r  values of h e l i c a l  angles 
from 5' t o  45' and values of the  r a t i o  of solenoid length t o  radius from 1 t o  20, 

This f i e l d  d is t r ibu t ion  is the  vector sum of the  d is t r ibu-  
The mag- 

L& U T Y U R  

IKL!RODUCTIOI? 

A form of t h e  S te l l a r a to r ,  as defined i n  reference 1, is  one exanrple of mag- 
The mag- n e t i c  f i e l d  source geometries i n  which current flows i n  a h e l i c a l  path, 

ne t i c  f i e l d  d i s t r ibu t ion  of t h i s  S t e l l a r a to r  has been calculated only approxi- 
mately because of the  d i f f i cu l ty  i n  evaluating the  Biot-Savart i n t eg ra l  expres- 
sions associated with i t s  solut ion ( r e f .  1). Even t h e  approximations t h a t  have 
been made a re  based on t h e  assumption of i n f i n i t e  length, and therefore  t h e  
desired f i e l d  d is t r ibu t ion  can a t  bes t  be obtained by "cut and try" experimental 
techniques. The magnetic f i e l d  d is t r ibu t ion  of t he  N - w i r e  S t e l l a r a to r  discussed 
i n  reference 1 is  given i n  a s e r i e s  expression f o r  which a closed-form solut ion 
has not ye t  been found, 
t h e  N-wire S te l l a r a to r ,  however, i s  a he l i ca l  solenoid of f i n i t e  length. An 
added advantage of t h i s  geometry i s  t h a t  it may be analyzed mathematically i f  t h e  
ideal ized assumptions t h a t  are s t a t ed  i n  the  sect ion STATL;SIENT OF PROBUN are 
used. 
of a r e l a t i v e l y  force-free solenoid ( r e f .  2 )  , 

Another geometry tha t  w i l l  produce a f i e l d  s imilar  t o  

Another feature of such a geometry i s  t h a t  it i s  the  basic  building block 

An analysis of t h e  f i e l d  d i s t r ibu t ion  of t h i s  solenoid is presented and a 
general technique by which t h e  Lorentz force on t h e  solenoid walls can be eval- 
uated i s  described i n  t h i s  report .  

a 

b 
--* 

SYMBOLS 

The ra t iona l ized  meter-kilogram-second system of units i s  used herein. 

solenoid radius 

un i t  vector i n  h e l i c a l  d i rec t ion  
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d i f f e r e n t i a l  element of solenoid circumference 

e l l i p t i c  i n t eg ra l  of second kind 

r a d i a l  magnetic f i e l d  i n t e n s i t y  Hr 

a x i a l  magnetic f i e l d  i n t e n s i t y  

azimuthal magnetic f i e ld  in t ens i ty  

IO current per  w i r e  

current per u n i t  width i n  h e l i c a l  d i rec t ion  J 

Jz 

Je 

current pe r  un i t  width i n  a x i a l  d i rec t ion  

current per  un i t  width i n  azimuthal d i rec t ion  

current density i n  h e l i c a l  d i rec t ion  

e l l i p t i c  i n t eg ra l  of the first kind 

L solenoid length 

N number of solenoid wires 

Lorentz pressure P 

r a d i a l  coordinate of f i e l d  point 

Jacobian e l l i p t i c  function 

r 

Sn u 

s1 

Z 

cross-sectional area of solenoid 

a x i a l  coordinate of f i e l d  point  

a x i a l  coordinate of source point  zO 

U 

e 
h e l i c a l  angle 

angular coordinate of source point  

Heuman lambda function 

magnetic permeability of f r e e  space 

dunnny var iable  of integrat ion 

z f L/2 

2 



cp tan-’ I E/(. - r> I 
Superscript : 

+ denotes vector 

STATESIENT OF PROBLEM 

Sketch (a) illustrates a typical helical solenoid of length L, radius a, 
helical angle a, and N wires. Two high-conductivity metal collars are provided 

(a )  N - . l i r e  f i n i t e  h e l i c a l  so l eno id .  

to introduce the current uniformly into the N wires. 
conductors (zero electrical resistance), the current w i l l  not necessarily be in- 
troduced into the N wires uniformly, since the current distribution is influenced 
by the inductance of each current path, 
the geometrical centers of the collars (which may also be superconductors if 
desired), the inductance of the current paths are a l l  identical and the current 
is uniformly introduced into the N wires. 

If the wires are super- 

If the lead-in wires are connected to 

For the sake of simplicity, it will be assumedthat a large number N of 
extremely thin wires are evenly distributed over and completely cover the cylin- 
der surface, 
(sketch (b)). 

The solenoid can then be approximated by a current sheet 
The contribution to the field distribution of the current in the 
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I 
I 

s o u r c e  I p o i n t  

* F i e l d  p o i n t  
( r ,oo,  z )  

( b )  Mathematical i d e a l i z a t i o n  of N-wire 
h e l i c a l  s o l e n o i d .  

metal co l l a r s  and the  lead-in wires w i l l  be neglected i n  t h e  following analysis .  
The e r ro r  incurred by such an approximation i s  examined i n  the DISCUSSION. 

J 
-+ 

A t  t h i s  point ,  it i s  convenient t o  def ine a current pz r  u n i t  width i n  
the  he l i ca l  d i rec t ion  t h a t  i s  defined by t h e  u n i t  vector b, 

( e )  Model used  t o  d e f i n e  2. 
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For a s teady-state  condition (sketch ( c ) ) ,  

2n 
i l y  d z =  J s in  a ad8 = N I o  

Since j and a a r e  independent of 8, 

N I O  
= 2na s i n  a 

Although 3 i s  s ingular  fo r  a = 0, t h i s  case i s  not physical ly  rea l izable  
f o r  t he  N-wire solenoid. 

The magnetic f i e l d  d i s t r ibu t ion  can be obtained e i t h e r  by using the  Biot- 
Savart l a w  o r  by defining t h e  vector po ten t ia l  and performing t h e  necessary c u r l  
operation. The B io tSava r t  l a w  i s  used throughout t h i s  report ,  

The Biot-Savart l a w  i s  a l i n e a r  vector equation t h a t  y ie lds  an ana ly t ic  ex- 
The mag- pression f o r  t h e  magnetic f i e l d  a t  a l l  points except t he  source point ,  

ne t i c  f i e l d  d i s t r ibu t ion  is thus equal t o  the vector sum of t h e  f i e l d s  due t o  a 
sheet of azimuthal current flow and a sheet of a x i a l  current flow, The current 
per  un i t  width J can be resolved in to  an azimuthal compount Je and an a x i a l  
component Jz, such t h a t  

J, = J s i n  a 

Reference t o  equation (1) shows t h a t  Jz i s  independent of a, This i s  
NI,. physical ly  reasonable s ince the  net  a x i a l  current flow must be equal t o  

FIELD DISTRIBUTION FOR AZIMUTHAL CURRENT 

From an invest igat ion of the  f i e l d  d is t r ibu t ion  of t h e  azimuthal current 
flow (ref. 3) the  radial f i e l d  Hr and the  ax ia l  f i e l d  H, a r e  

5 



and 

where 

kind, respectively. F r o m  reference 4, k2 = 

K(k) and E ( k )  are the complete elliptic integrals of the first and second 
4ar 

5' + ( a  + r >  2' 

L 
= z * - and 2' Ao(cp,k) is the Heuman lambda function. -1 

A s  r -, 0 ,  these expressions reduce to the standard result f o r  the field 
along the axis: 

2 5 +  
J0 

Hr = h[ ( E 2  a I2 4 
+ a >  

and 

J0 Hz = - 2 

F I E L D  DISTRIBUTION FOR AXIAL CURRENT 

The azimuthal magnetic field for the axial current is given by the Biot-  
Savart law: 

6 



where z is  t h e  a x i a l  coordinate of t h e  source point  (sketch ( b ) ) .  Making a 
change OF var iab les  5 = z - z and integrat ing with respect t o  5 y ie ld  

0 

t o  

and 

Introducing a change of var iables  t = cos 0 and in tegra t ing  with respect 
t y i e l d  successively 

L 

( r e f .  4, formulas 233.19 and 413,06), where Sn u 
function. On t h e  axis 

is the  Jacobian e l l i p t i c  
r = 0, equation ( 7 )  reduces t o  zero. 

The t o t a l  magnetic f i e l d  d i s t r ibu t ion  of t h e  current sheet with f i n i t e  he l i -  
c a l  angle a i s  given by equations (3) and (7), where JG and Jz are  given by 
equations (1) and (2) .  

DISCUSSION 

The dimensionless magnetic f i e l d  4Hi(2rra/NIo), where i = r, z, o r  0 de- 
pending on the  f i e l d  being discussed, i s  plot ted a s  a function of t he  h e l i c a l  
angle a and t h e  dimensionless parameters 2z/L and r/a, (The azimuthal, ra- 
d i a l ,  and a x i a l  fields a r e  given i n  f igures  1, 2, and 3, respect ively,)  
f i e l d s  a r e  given f o r  (1) a = 5O, 15O, 30°, and 45Oj ( 2 )  L/a = 1, 5, 10, and 20; 
and (3) r/a s 5. 

The 

7 



The azimuthal f i e l d  ins ide  t h e  solenoid (??/a> < 1 is  s m a l l .  It i s  the  
same order of magnitude as t h e  f i e l d  due t o  the  current i n  t h e  solenoid c o l l a r s  
and t h e  solenoid lead-in w i r e s  ( t h e  l a t t e r  f i e l d  w a s  neglected i n  t h e  ana lys i s ) .  
I n  a physical s i t ua t ion ,  t h e  f i e l d s  due t o  the  current i n  t h e  c o l l a r s  and 
lead-in wires m u s t  be included. 

The r ad ia l  f i e l d  i s  i n f i n i t e  a t  r = a and z = 5 L/Z (edge of  t he  cyl in-  
der )  because of t h e  t h i n  current  sheet idea l iza t ion  t h a t  results i n  a magnetic 
f i e l d  w i t h  zero radius of curvature a t  the  cylinder edge. For ac tua l  nonzero 
sheet thickness, t h i s  e f f e c t  would not occur9 

I n  addition t o  being used t o  provide an azimuthal f i e l d ,  t he  h e l i c a l l y  
wound solenoid can be used t o  achieve a r e l a t i v e l y  force-free magnet. 
i s  t h e  discont inui ty  of t he  azimuthal f i e l d  a t  the  current sheet surface ( f i g .  1) 
and AH, 
pressure on the  sheet surface i s  

If @.He 

i s  the  discont inui ty  of t he  a x i a l  f i e l d  ( f i g ,  3),  t he  net  Lorentz 

A s  i s  pointed out i n  reference 2, for L = 00, the  net  pressure i s  zero f o r  
A s  reference 2 fu r the r  indicates ,  however, t h i s  condi- a h e l i c a l  angle of 45'. 

t i o n  i s  not r e a l l y  force-free s ince i n  an a c t u a l  c o i l  t he  wires a r e  subjected t o  
equal but opposite Lorentz forces  t h a t  may destroy the  wires i f  l a rge  currents  
a r e  used. This condition can be a l l ev ia t ed  by bui lding up layers  of h e l i c a l  
windings and l e t t i n g  a vary from approximately 0' t o  90'. The ana ly t ic  r e s u l t s  
presented herein can be used t o  ca lcu la te  t he  forces  on such a s t ruc tu re  and the  
magnetic f i e l d  d i s t r ibu t ion  f o r  t he  case of f i n i t e  length i f  t h e  solenoid w a l l  
thickness i s  much smaller than t h e  solenoid radius ,  

Lewis Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, Ju ly  U, 1963 
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Flgure 1. - Continued. Dimensionless azimuthal field of heli- 
c a l  solenoid. 
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Figure 1. - Concluded. Dimensionless azimuthal f i e l d  of hel i -  
c a l  solenoid. 
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(g) Helical angle, 15.0'; length-radius ratio, 10.0. 

Figure 2. - Continued. Dimensionless radial f i e l d  of he l i ca l  solenoid. 
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Mgure 2. - Continued. Dimensionless r ad ia l  f ie ld  of helical solenoid. 
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Figure 2. - Concluded. Dimensionless radial field of helical solenoid. 
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Figure 3, - Continued. Dimensionless axial f i e l d  of he l i ca l  solenoid. 
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Figure 3. - Continued. Dimensionless axial field of helical solenoid. 
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-1 0 1 2 3 
Dimensionless magnetic field,  4%( 2na/Kto) 

(0) Helical angle, 45. Oo; length-radius ratio, 10.0. 

4 

Figure 3. - Continued. Dimensionless axial  f i e l d  of hel ical  
solenoid. 
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-1 0 1 2 3 4 
Dhensionless magnetic f ie ld ,  4H,( 2sra/Mo) 

(p) Helical angle, 45.0'; length-radius ra t io ,  20.0. 

Mgure 3. - Concluded. Dimensionless axial f i e l d  of he l i ca l  
solenoid. 
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